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Abstract. We prove that for a compact hyperbolic 3-manifold with 
boundary, a sequence of convex cocompact hyperbohc metrics, whose 
conformal structures at infinity diverge to a projective lamination which 
is doubly incompressible, has a compact closure in the deformation 
space. As a consequence we solve Thurston's conjecture on convergence 
of function groups affirmatively. 



1. Introduction 

It is one of the most important topics in the theory of Kleinian group 
to study the topological structure of deformation spaces of Kleinian groups. 
For such studies, it is indispensable to guarantee that under some condi- 
tions, sequences of Kleinian groups converge inside the deformation spaces. 
In other words, we need a sufficient condition for a given sequence of Kleinian 
groups to converge algebraically, which should be as general as possible. In 
particular, such a sufficient condition for quasi-conformal deformations of 
geometrically finite Kleinian groups interests us most. The quasi-conformal 
deformation space of a geometrically finite Kleinian group G is well under- 
stood by virtue of the work of Ahlfors, Bers, Kra, Harden and Sullivan. 
To put it more concretely, for a geometrically finite Kleinian group G, it is 
known that there is a ramified covering map from the Teichmiiller space of 
^g/G to the quasi-conformal deformation space of G, where denotes the 
region of discontinuity of G. Therefore, the sufficient condition for the quasi- 
conformal deformation space should be expressed in terms of sequences of 
the Teichmiiller spaces. 

The first example of such a sufficient condition for convergence is the result 
of Bers in |Ber| , which shows that the space of quasi- Fuchsian groups lying 
on the Bers slice is relatively compact. On the other hand, in the process of 
proving the uniformisation theorem for Haken manifolds, Thurston proved 
the double limit theorem for quasi-Fuchsian groups and the compactness 
of deformation spaces for acylindrical manifolds, in [Thl| and |Th2j respec- 
tively. These are generalised to give a convergence theorem for general freely 
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indecomposable Kleinian groups in Ohshika |Ohlj and |0h2j . The conver- 
gence in the deformation spaces for freely decomposable groups is more 
complicated and is harder to understand. 

In [ThBj ■ Thurston listed questions concerning Kleinian groups and 3- 
manifolds. One of them asks how one can generalise the double limit theorem 
to the setting of Schottky groups. This question was made into a more con- 
crete conjecture using the notion of Masur domain, and then was generalised 
to function groups. Masur introduced in [Maj an open set in the projective 
lamination space of the boundary of a handlebody on which the mapping 
class group of the handlebody acts properly discontinuously. This open set 
is what we call the Masur domain nowadays. This notion is generalised by 
Otal [Otlj to the exterior boundary of a compression body. Thurston's con- 
jecture is paraphrased as follows: For a sequence in the Teichmiiller space 
converging in the Thurston compactification to a projective lamination lying 
in the Masur domain of the exterior boundary of a compression body Af , 
the corresponding sequence of convex cocompact representations in AH{M) 
would converge after passing to a subsequence. Otal in |Qt2] first proved 
that Thurston's conjecture is true for rank-2 Schottky space provided that 
the limit lamination is arational, that is, any component of its complement 
is simply connected. Canary in [Caj proved the conjecture for some special 
sequences in Schottky space. Ohshika in |0h4j proved the conjecture for 
function groups which are isomorphic to the free products of two surface 
groups under the same assumption that the limit lamination is arational. 
The strongest result in this direction under the same assumption on the 
limit lamination was given by Kleineidam and Souto in [KlSj without any 
other assumption on compression bodies. Our main theorem, Theorem [1] 
yields a proof of this conjecture of Thurston in full generality without any 
extra assumption and generalises it to a slightly larger set than the Masur 
domain. 

We need to introduce some notions and notations to state our main the- 
orem. Consider a compact irreducible atoroidal 3-manifold M with bound- 
ary. By Thurston's uniformisation theorem for atoroidal Haken manifolds, 
there is a representation pQ : 7ri(M) — > Isom(]HI'^) with the following proper- 
ties : /3o(vri(M)) is geometrically finite, / pq{tti{M)) is homeomorphic to 
Int(M), and any maximal parabolic subgroup of pq(tti{M)) is an Abelian 
group of rank 2. Such a representation is said to uniformise M. Any quasi- 
conformal deformation of po also uniformises M. By the Ahlfors-Bers theory, 
the space QH{po) of quasi-conformal deformations of po up to conjugacy by 
elements of Isom(]HI^) is parametrised by the Teichmiiller space of the bound- 
ary of M. More precisely, there is a (possibly ramified) covering map, called 
the Ahlfors-Bers map T(d^^oM) QH(pq) whose covering transformation 
group is the group of isotopy classes of diffeomorphisms of M which are 
homotopic to the identity. 

The space QH{pq) is a subspace of the deformation space AH{M). This 
deformation space AH{M) is the space of discrete faithful representations p : 
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7ri(M) — > Isom(EI^) up to conjugacy by elements of PSL2{C). It is endowed 
with the compact-open topology which is also called an algebraic topology. 
In the main theorem, we shall consider sequences of representations given 
by sequences in the Teichmiiller space whose images under the Ahlfors-Bers 
map diverge in QH(pq) and give a sufficient condition for their convergence 
in AH{M). 

Thurston introduced in [Th3j the notion of doubly incompressible curves. 
This can be extended to measured geodesic laminations in the following way. 

We say that a measured geodesic lamination A G A4C{dM) is doubly in- 
compressible if and only if 

- 3r] > such that i{X,dE) > ij for any essential annulus, Mobius band 
or disc E. 

We denote by T>{M) C AiC{dM) the set of doubly incompressible mea- 
sured geodesic laminations and by VT>{M) its projection in the projective 
lamination space VM.C{dM). It is not hard to see that T>{M) contains the 
Masur domain (see (Le2j ). 

Now we can state our main theorem. 

Theorem 1. Let M be a compact irreducible atoroidal 3-manifold with 
boundary, and po : 7ri(M)— >PS'L(2, C) a geometrically finite representa- 
tion that uniformises M . Let {rUn) be a sequence in the Teichmiiller space 
T{dM) which converges in the Thurston compactification to a projective 
measured lamination [A] contained in VT){M). Let q : T[dM) QH{pq) 
be the Ahlfors-Bers map, and suppose that {pn ■ vri(M)— >G„ C PSL{2,C)) 
is a sequence of discrete faithful representations corresponding to q{mn). 
Then passing to a subsequence, (pn) converges in AH{M). 

The proof of Theorem [1] proceeds as follows. By Theorems of Thurston 
[Th2] and Canary [Ci], the convergence of rUn to [A] implies that there is a 
sequence of weighted multi-curves A^ G A4C{dM) such that lp„{Xn) tends to 
and that the sequence (A^) converges in M.C{dM) to a measured geodesic 
lamination whose projective class is [A]. Since A lies in T>{M), the result 
comes from the following theorem whose proof occupies the main part of 
this paper. 

Theorem 2. Let {pn ■ 7ri(M) — > Isom(IH['^)) be a sequence of discrete faithful 
representations that uniformise M and let (A^) C A4C{dM) be a sequence 
of measured geodesic laminations such that {lp„{Xn)) is a bounded sequence 
and that (A^) converges in A4C{dM) to a measured geodesic lamination 
A € V{M). Then the sequence {pn) has a compact closure in AH{M), 
namely, any subsequence contains an algebraically convergent subsequence. 

It should be noted that our result here is closely related to the Bers- 
Thurston density conjecture. This conjecture states that every finitely gen- 
erated Kleinian group would be contained in the boundary of the quasi- 
conformal deformation space of geometrically finite Kleinian groups with- 
out rank-1 maximal parabolic subgroups. The conjecture was proved by 
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combining the resolution of the tameness conjecture by Agol and Calegari- 
Gabai, the ending lamination conjecture by Brock-Canary- Minsky, and from 
some convergence theorems due to Thurston, Ohshika, Kleineidam-Souto 
and Lecuire, together with some topological argument due to Ohshika and 
Namazi-Souto(See [Sg], [CG], [Th3], pli] . [KIS] . [L^ . [Mm] . piP] and 



[Naj ) ■ Although the convergence theorems less general than ours were suf- 
ficient for this proof, we can simplify some of the argument there using our 
general result in this paper. 



2. Preliminaries 

2.1. Deformation space. Let G be a finitely generated torsion-free Kleinian 
group, namely a (torsion- free and finitely generated) discrete subgroup of 
Isom+(H3). We denote by iM^/G)o the non-cuspidal part of (M^/G), that 
is, the complement of neighbourhoods of the cusps. We call an end of 
(E[^/G)o geometrically finite when it has a neighbourhood intersecting no 
closed geodesies, and otherwise geometrically infinite. The Kleinian group 
G is geometrically finite if and only if every end of (EI^/G)o is geometrically 
finite. Let C 5^ denote the region of discontinuity for the action of G 
on the Riemann sphere 5^. Each geometrically finite end corresponds to 
a component E of ^g/G in such a way that a neighbourhood of the end is 
compactified in the Kleinian manifold (H^ U Qg)/G by adding S. 

Let M be a compact irreducible atoroidal manifold. Let AH{M) de- 
note the set of faithful discrete representations from 7ri(M) to PSL(2,C) 
modulo conjugacy. We endow AH{M) with the topology induced from the 
representation space. We say that a representation p G AH(M) has mini- 
mal parabolics if all of its maximal parabolic subgroups have rank 2. The 
subspace of AH(M) consisting of geometrically finite representations with 
minimal parabolics is denoted by CC{M). This space CC{M) may contain 
several connected components. The component consisting of representations 
p for which there is a homeomorphism from Int(M) to 'M? / p{'Ki{M)) is de- 
noted by CCq{M). The representations in CCq{M) are said to uniformise 
M. 

For a Kleinian group G, if there is a quasi-conformal automorphism / of 
S*^ such that f'Gf^^ is again a Kleinian group, then this group fGf^^ is said 
to be a quasi-conformal deformation of G. Quasi-conformal deformations 
preserve the parabolic subgroups. Therefore a quasi-conformal deformation 
of a Kleinian group with minimal parabolics has minimal parabolics. Fur- 
thermore quasi-conformal deformations of a geometrically finite group are 
geometrically finite. By the theory of Ahlfors-Bers, there is a ramified cov- 
ering map from T{Q.g/G) to the space of quasi-conformal deformations of G 
modulo conjugacy. Let (9^<oM be the union 

of the components of dM which have negative Euler characteristics. For 
G G CCq{M), there is a natural identification of ^g/G with 9^<oM. The 
covering map T{d-^<^oM) — > CCo(M) is called the Ahlfors-Bers map. 
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2.2. M-trees. An M-tree T is a geodesic metric space in which any two 
points X, y can be joined by a unique simple arc. Let G be a group acting 
by isometries on an R-tree T . The action is minimal if there is no proper 
invariant subtree and small if the stabihzer of any non-degenerate arc is 
virtually Abelian. 

Morgan and Shalen [MoSlj made use of R-trees to compactify defor- 
mation spaces. They used algebraic methods involving valuations, while 
the same result has been obtained in Paulin [Pa] and Bestvina |Bes] us- 
ing a more geometrical approach. In this paper we shall adopt the point 
of view of Kapovich-Leeb [KaLj (see also |Kal chapters 9 and 10]). Let 
{pn C CCo(M)) be a sequence of representations such that no subsequence 
of {pn) converges algebraically. Let T C 7ri(M) be a set of generators and 
let Xn C be a point realising the minimum on of the function 
max{(i(x, /3„(a)(a;)), a G F} (see for example jPa] for the existence of such 
a point). Since no subsequence of (p„) converges algebraically, (e~^) tends 
to CO. Choose a non-principal ultra-filter uj and denote by e„IHI^ the hyper- 
bolic space with the hyperbolic metric rescaled by e„. The ultra- limit 
{X^^,x) = UJ — lim(e„EI^, a;„) of the sequence of rescaled spaces is defined 
as follows. Let n„(e„IH^) be the infinite product of the spaces (enH^). We 
define a pseudo-distance d^^ on IlnierM^) by setting 

dui{y,z) = (J - lim(i,^e3(y„,z„) 

for any two points y = {yn) and z = (zn) lying in n„(e„HI'^). 

This function is a pseudo-distance in n„(enIH[^) with values in [0,oo] 
and we set {X^,dcj) = {Iln{erM^), d^i)/ ~ where we identify points with zero 
(it^-distance. Let x = (x„) denote the sequence of points Xn defined above. 
The metric space {X^,x) is the set of points of (X^) with a finite distance 
from X. This metric space is an R-tree (cf. |KaL| ) . The action of p„(7ri(M)) 
on e„]HI^ gives rise to an action of 7ri(M) on {X^,x) by isometries. This 
action is small (cf. [KaLj). Let T be the minimal invariant subtree of X^ 
under this action. We say that (p„) tends to the action of 7ri(M) on T with 
respect to uj. For c G 7ri(M) let us denote by (5t(c) the minimal translation 
distance of c on T. Then we have 5r(c) = lim e~^/p„ (c), where lp„{c) is the 
length in EI^//9„(7ri(M)) of the closed geodesic in the free homotopy class of 
c. 

2.3. Geodesic laminations. A geodesic lamination L on a complete hy- 
perbolic surface is a compact set which is a disjoint union of complete 
embedded geodesies called leaves. It is a classical fact that this definition 
is independent of a chosen hyperbolic metric on S (see |0t3] for example). 
For a connected geodesic lamination L which is not a simple closed curve 
we denote by S{L) the smallest surface with compact geodesic boundary 
containing L. Inside S{L) there are finitely many closed geodesies (includ- 
ing the components of dS{L)) disjoint from L. These closed geodesies do 
not intersect each other (cf. [Lelj ) and we denote by d'S{L) D dS{L) their 
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disjoint union. Removing a small tubular neighbourhood of d'S{L) from 
S{L) we get an open surface S{L). We call S{L) the surface embraced by 
the geodesic lamination L and d'S{L) the effective boundary of S{L). If L 
is a simple closed curve, we define S{L) to be an annular neighbourhood of 
L and we take d'S{L) = L. When L is not connected, S{L) is the disjoint 
union of the surfaces embraced by the connected components of L. 

We say that two geodesic measured laminations L and L' intersect trans- 
versely if at least one leaf of L intersects a leaf of L' transversely. 

A measured geodesic lamination A is a geodesic lamination |A| together 
with a transverse measure. We always assume that A has |A| as its sup- 
port. We denote by MC{S) the space of measured geodesic laminations 
on S endowed with the weak-* topology. To simplify the notations, we 
write AiC{dM) instead of MC{d^^QM) for a compact 3-manifold M with 
boundary. The projective lamination space VA4C{dM) is defined to be 
{A4C{dM) — {0})/R^ where stands for the measured lamination with 
empty support. It should be noted that J^C{dM) contains measured lam- 
inations whose restriction to some component of dM is empty. The Te- 
ichmiiller space T[dM) denotes similarly T{d^^QM). The boundary of the 
Thurston compactification of T{dM) is equal to VM.C{dM). 

2.4. Train tracks and their realisations. A train track r in a hyperbolic 
surface 5 is a union of finitely many rectangles which meet each other only 
along non-degenerate segments contained in their vertical sides. The rect- 
angles are called branches, and they are foliated by vertical segments called 
ties. A connected component of the intersection of the branches is called a 
switch. The branches are also foliated by horizontal segments, and a smooth 
arc which is a union of horizontal segments is called a rail or a train route. 
A geodesic lamination is carried by r if it lies in r in such a way that the 
leaves are transverse to the ties (see |Boj or jOt3 j for more details about 
train tracks). 

When T is a train track and A is a measured geodesic lamination whose 
support is carried by A, we say that A is carried by r. For a branch 6 of r, 
we define the number A(6) to be the A-measure of a tie of b. This number 
does not depend on the choice of a tie in b. 

Consider an action of 7ri(5) on an M-tree T by isometrics. A measured 
lamination A is said to be realised in T if there is an equivariant map (with 
respect to the action of 7ri(S')) : H^— >T such that the restriction of (j) to 
any lift of a leaf of A in is monotonic and non-constant. A train track 
r G 5 is said to be realised in T if there is an equivariant map (j) : H^— >T 
which maps each lift of a branch of r to a non-trivial geodesic segment on T 
in such a way that each rail is mapped injectively, and that each tie collapses 
to a point. By |Qt3] . A is realised in T if and only if A is carried by a train 
track r which is realised in T. 

We say that a measured lamination A is collapsed by (j) when there is a 
train track r carrying A such that every component of f, the preimage of r 
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in BI^, is mapped to a point by cj). It is straightforward that there exists an 
equivariant map collapsing A if and only if the action of i*(7ri(S'(A)) on T 
has a global fixed point. 

2.5. Compactification of M. We denote by M the universal covering of 
M and by p : M ^ M the covering projection. We compactify M in the 
following way : endow M with a geometrically finite hyperbolic metric a 
with minimal parabolics and let us denote by N{aY^^^^ the complement in 
the convex core N(a) of e-thin neighbourhood of the cusps of a for some 
e smaller than the Margulis constant. Let us choose an isometry between 
the interior of M and H^. Now we can consider iV((T)*^"^'* as a closed subset 
of H^. Since a is geometrically finite, there is a natural homeomorphism 
between M and N{aY^^^^. Therefore we can regard M as a closed subset 

of H^. The compactification M of M is the closure of this closed subset 
in the usual compactification of by the unit ball. If we replace a by 
another geometrically finite metric a' with minimal parabolics, it follows 
from results of [FI] that we get a compactification which is homeomorphic 
to the one obtained with a. Therefore this definition is independent of the 
metric we chose. We call this the Floyd-Gromov compactification of M. 

A meridian is a simple closed curve c C dM which bounds a disc in M 
but not on dM. A compact surface S C dM is incompressible if it contains 
no meridians. When we consider the closure of a lift of an incompressible 
surface in M, we have the following : 

Lemma 2.1. Let E C B^^qM he a compact connected incompressible surface 
which does not contain any essential closed curve homotopic into d^=oM. 
Let E be the universal covering ofE, which is completed in the usual way to 
a closed disc T,. Then any lift of E to dM is a disc whose closure in M is 
homeomorphic to E in an equivariant way. 

Proof. This Lemma was proved in |Otlj . see also |Lell Lemme 2.1]. □ 

Let E C dM be a compact incompressible surface. Johannson and Jaco- 
Shalen defined a characteristic submanifold W relative to E (cf. [Joj and 
|JaSj ). Notice that such a characteristic manifold was defined for any in- 
compressible surface in the boundary of a Haken manifold. Since we are 
considering atoroidal M now, such a characteristic submanifold is a disjoint 
union of essential /-bundles over closed surfaces and essential solid tori. A 
disjoint union W of essential /-bundles and essential solid tori is a charac- 
teristic submanifold if and only if it has the following two properties : 

• any essential /-bundle and any essential solid torus in (A/, E) can be 
homotoped in W; 

• no connected component of W can be homotoped into another con- 
nected component of W. 
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By [Jo] and [JaSj , if W and W are two characteristic submanifolds relative 
to S, then there is a diffeomorphism ip : M ^ M isotopic to the identity 
relative to dM -T. such that i){W) = W and that ip{W n S) = PV"' n S. 

Such a characteristic submanifold can be found by looking only at M — M. 

Proposition 2.2 ( |Lel) . §2). Let S and S' C B^^qM he two compact, 
connected, incompressible surfaces which are disjoint or equal and do not 
contain any essential closed curve which can he homotoped in dy.=oM . Let 
T, C dAI (resp. S'j he a connected component of the preimage of (resp. 
Ti' ) and let T C p(7ri(M)) (resp. V ) he the stabiliser ofT, (resp. V ). 

Then S n S is either empty or equal to the limit set o/F n F'. 

In the latter case, ifTnV is not cyclic, then it is the fundamental group of 
an I-hundle which is a connected component of a characteristic suhmanifold 
of (M, S U T,'). If T f] Vis cyclic, then it is a finite index subgroup of a 
solid torus which is a connected component of a characteristic suhmanifold 
o/(M,SUS'). 

2.6. Geodesic laminations on compressible surfaces. Let M be a com- 
pact 3-manifold with boundary and let c C dM be a simple closed curve. 
A c-wave is a simple arc k, with k c = dk such that there is an arc k in 
c with the simple closed curve k U k bounding an essential disc in M. In 
some literature, a c-wave is allowed to intersect c in its interior. A simple 
innermost argument shows that if there is a c-wave in this generalised sense, 
there is one in our sense. 

Let L be a geodesic lamination on dy-^^M and let c C dM be a multi- 
curve. In the following, we always assume that simple closed curves or multi- 
curves are geodesies, hence there are no inessential intersection between 
them or with geodesic laminations. We say that L is in tight position with 
respect to c if L contains no c-waves and if every leaf of L intersects c 
transversely. 

The following Claim shows how to use cut-and-paste operations to con- 
struct a meridian m such that a given geodesic lamination contains no m- 
waves. 

Claim 2.3. Let F C dM he a compressible compact surface and let P C F 
he a measured geodesic lamination. Then either (5 intersects transversely a 
meridian m and contains no m-waves, or there is a sequence of meridians 
(rrii C F) converging in the Hausdorff topology to a geodesic lamination 
which does not intersect (3 transversely. 

Proof. If (3 intersects no meridians transversely, then, since F is compress- 
ible, there is a meridian m £ F such that i{(3,m) = 0. Setting rui = m for 
every i, we get the conclusion. Now we assume that /? intersects a meridian 
m transversely. If f3 contains an m-wave k, let us "cut m along /c" to get a 
new meridian mi : let k be the closure of a connected component oim — dk 
such that Xc d/? < and mi the simple closed geodesic in the free 
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homotopy class of kU k. We have mi) < ^i{(3, m) and mi is a meridian. 
If (3 does not contains any mi-waves, we are done. If (3 contains an mi- 
wave fci, then we cut mi along ki as above to get a new meridian m2 with 
i{m2,P) < ji{m,(5). Repeating this operation, we get either a meridian m' 
such that /3 contains no m'-waves or a sequence of meridians (mj) such that 
i{mi,(3) — > 0. In the latter case, we extract a subsequence such that rrii 
converges in the Hausdorff topology to some geodesic lamination H. Since 
i{mi,P) — > 0, we see that H does not intersect P transversely. □ 

Let -L be a geodesic lamination on 5i^<oM. A leaf / of L is said to be 
homoclinic if a lift / of / to the universal cover M of M contains two sequences 
of point (xn) and such that the distance between x„ and y„ in M is 
uniformly bounded whereas their distance measured on / tends to oo. By 
Lemma |2. II and by [Lelj Affirmation 3.4], an incompressible surface cannot 
contain a homoclinic leaf. 

Homoclinic leaves appear naturally in Hausdorff limits of sequences of 
meridians. This is illustrated by the following criterion of Casson whose 
proof can be found in [OtlJ and [Lell Theorem B.l]. 

Lemma 2.4. Let (nin C dM) be a sequence of meridians which converges 
to a geodesic lamination H in the Hausdorff topology. Then H contains a 
homoclinic leaf. 

A simple half-geodesic is an embedded half-line in dM whose image is 
locally geodesic for some hyperbolic metric on B^^qM. Let Z+ C dM be a 

half-geodesic and let ^+ be its closure in the Floyd-Gromov compactification 
of M. We say that Z+ has a well-defined endpoint if — contains one 
point. We say that a geodesic I C dM has two well-defined endpoints if 
/ contains two disjoint half geodesies each having a well-defined endpoint. 
Notice that we allow the two endpoints to be the same. Two distinct leaves 
li and I2 of a geodesic lamination L C dM are said to be biasymptotic if they 
both have two well-defined endpoints in M and the endpoints of li coincide 
with those of A geodesic lamination A C dM is said to be annular if the 
preimage of A in dM contains a pair of biasymptotic leaves. 

Annular laminations appear naturally as limits of sequences of annuli. 

Lemma 2.5. Let {An C dM) be a sequence of (not necessarily embed- 
ded) essential annuli or Mobius bands. Suppose that dAn converges in the 
Hausdorff topology to a geodesic lamination E. Suppose also that there is 
a measured geodesic lamination a whose support is equal to E such that 
i{a,dAn) — > 0. Then either E is annular or S{E) contains a homoclinic 
leaf which does not intersect E transversely. 

Proof. The main argument of this proof comes from [LeU Lemme C.2]. 

Let p : M ^ M he the covering projection. Fix some complete hyperbolic 
metric on (9^<oM, and let S{E) be the surface embraced by E. 
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Assume first that S{E) is incompressible. Let S{E) C dM be a lift of 
S{E), and F a fundamental domain for the action of tti{S{E)) on S{E). 
Let d^An and d'^An be the boundary components of a lift of An to M such 
that d^An intersects F. By extracting a subsequence, we can assume that 
the sequence (d^An) converges to a lift e of a leaf e of E. Since An is an 
annulus or a Mobius band, the geodesic d'^An has the same ends as d^An- By 
|Lell Affirmation 2.2], for any e > 0, there are only finitely many translates 
of S{E) whose limit sets have diameters greater than e. Therefore, after 
extracting a subsequence, all the geodesies d^An can be assumed to lie in 
the same lift C dM of S{E). The ends of d'^An converge to the ends 

of e C S{E). By Lemma [2Tl a geodesic in S{Ey is uniquely determined by 
its two ends. Therefore the sequence (d'^An) converges to the lift e' C S{Ey 
of a leaf e' of E which has the same ends as e. If S{E) = S{Ey then d^An 
and d'^An lie in S{E). This contradicts Lemma l2.ll since d^An and d'^An 
are not homotopic in S{E). Hence we have S{E) ^ S{Ey and e ^ e' . It 
follows that E is an annular lamination. 

Let us now consider the case when S{E) is compressible. By Claim 12.31 
and the Casson's criterion (Lemma l2.4p . either there is a meridian m C S{E) 
such that E does not contain any m-wave, or S{E) contains a homoclinic 
leaf which does not intersect E transversely. Therefore we have only to 
consider the case when there is a meridian m C S{E) such that E intersects 
m transversely and contains no m-waves. 

We set d^An = x {0} and d^An = x {1} where An = x L We 
shall first show that E is in tight position with respect to m. For this, we 
need to show that every leaf of E intersects m. Since E is the Hausdorff limit 
of dAn, it has one or two connected components. Since there is a measured 
geodesic lamination whose support is equal to E, each of these components 
is a minimal lamination. Therefore if a leaf of E intersects m, the same is 
true for all the leaves lying in the same connected component. Thus if E 
has only one component, E is in tight position with respect to m. 

Now we assume that there are two connected components E^,E'^ of E. 
Since E intersects m, we can assume that E^ intersects m. By extracting 
a subsequence, we can also assume that E^ is the Hausdorff limit of some 
d^An, say d^An and that E^ is the Hausdorff limit of d'^An- Note that d^An 
contains no m-waves for sufficiently large n (even if we allow an m-wave to 
have self- intersection) . Otherwise taking a limit in the Hausdorff topology of 
m-waves lying in d^An, we get either an m-wave lying in E contradicting the 
fact that E is in tight position with respect to m, or a sublamination of E^ 
not intersecting m, contradicting the fact that E^ is a minimal lamination 
intersecting m. It follows from the fact that d^An contains no m-waves that 
the ends of any lift of d^An to M are separated by a lift of m (compare with 
[LeH Affirmation 3.4]). This implies that d'^An intersects m. Since E^ is 
the Hausdorff limit of d'^An, we see that E"^ also intersects m. 



CONVERGENCE OF FREELY DECOMPOSABLE KLEINIAN GROUPS 



11 



Thus we have proved that E is in tight position with respect to m whether 
E has one or two connected components. Let us deduce that there is a 
uniform upper bound K on the lengths of the connected components of 
OA yi — m. Assuming the contrary, we get a sequence of arcs C dA^ — mn 
whose lengths tend to oo. Extract a subsequence such that converges 
in the Hausdorff topology. The limit contains a sublamination of E which 
does not intersect m, contradicting the fact that E is in tight position with 
respect to m. 

Let e be a leaf of E and let e C M be a lift of e. Denote by {rhj)j^z the 
connected components of p~^(m) that e intersects (in this order). Let e[—t, t\ 
be the segment of e connecting to fht- By assumption, dA^ converges to 
E in the Hausdorff topology. Therefore, for sufficiently large n, a connected 
component d^A^ oi p~'^{dAn) intersects m_j and mt and d"^ An[—t,t] con- 
verges to e[—t,t\ in the Hausdorff topology. Let An be the lift of A^ whose 
boundary contain d^An- As we have seen above, dAn does not contain any 
m-wave for sufficiently large n. Therefore both fht and rh-t separate the 
ends of d^A^ (cf. [Lelj Affirmation 3.4]). It follows that and m_f inter- 
sect d'^An- Let d'^An[—t,t\ be the segment of d'^An joining fht to m_t. The 
length of d"^ An[—t,t] is less than 2Kt where K is the constant found in the 
previous paragraph. After extracting a subsequence, (5^A„[— i, t]) converges 
in the Hausdorff topology to an arc e'[— t, t] C p~'^{E). Letting t tend to oo, 
we conclude that e and e' have the same ends. 

If e = e', then d^A^ and d'^An intersect an e- neighbourhood of e for 
sufficiently large n. Hence there are segments /„ C dM joining the two 
components of dAn with their projections /„ such that jj da tends to 0. 

Since In is homotopic to an arc on A„ joining two boundary components, I„ 
is homotopic to an essential arc on An joining two boundary components. If 
we cut dAn along din and glue two copies of In-, we get a closed curve which 
bounds a disc Dn (not necessarily embedded). By assumption, i(a, 5A„) 
and J J da tend to 0. Therefore i(a, dDn) tends to 0. By the Loop Theorem 
(cf. [He]), there is an embedded disc D'n which is not parallel to dM such 
that i{a,dD'n) — > 0. Extracting a subsequence such that {dD'n) converges 
in the Hausdorff topology, we get a geodesic lamination H C S{E) which 
does not intersects E = \a\ transversely. By Casson's criterion (Lemma l2.4p . 
H contains a homoclinic leaf. 

When e 7^ e', by definition, E is annular. □ 

As in the introduction, we say that a measured geodesic lamination A £ 
MC{dM) is doubly incompressible if and only if : 

- 3r] > such that i(A, dE) > rj for every essential annulus, Mobius band 
or disc E. 

We denote by V{M) C MC[dM) the set of doubly incompressible measured 
geodesic laminations and by VV{M) its projection in the space VM.C[dM) 
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of projective measured laminations. 

Some properties of this set P(M) are discussed in |Le2] . In particular, 
we can deduce the following from |Lel]. 

Lemma 2.6. Let A E 'D{M) be a measured geodesic lamination and C 
dM two simple half- geodesies which do not intersect |A| transversely. Then 
any lift of Ij^ (resp. l^) to M has a well-defined endpoint. 

Furthermore, if a lift of /+ has the same endpoint as a lift of Z_ then 
and I- are asymptotic on dM . 

Proof. The first property, namely that any lift of (resp. /_) to M has a 
well-defined endpoint, can be deduced from the proofs of |Lell Lemme 3.1] 
and [Lel'j Lemme 3.3]. 

The proof of the second property, namely that if a lift of has the same 
endpoint as a lift of I- then ?_|_ and I- are asymptotic on dM, can be found 
in the paragraph (ii) in the proof of [Lell Lemme C3]. □ 

Prom [Le2j . we also get the following : 

Lemma 2.7. Let A G T>[M) he a measured geodesic lamination, A an annu- 
lar geodesic lamination which is the Hausdorff limit of a sequence of multi- 
curves, and h a homoclinic leaf (of some geodesic lamination). Then the 
support |A| of \ intersects both A and h transversely. 

Proof. When M is not a genus-2 handlebody, this is ]Le2\ Lemma 3.5]. The 
case when M is a genus 2 handlebody is discussed in |Le2] in the remark 
following |Le2t Lemma 3.5]. □ 

Combining Claim 12.31 Casson's criterion (Lemma 12. 4[) and Lemma 12. 7^ 
we get the following : 

Lemma 2.8. Let A € T){M), and let S C dM be a compressible surface. 
Then there is a meridian m in S such that S does not contain any m-waves 
disjoint from |A| . 

2.7. Some notations. When A is a geodesic measured lamination, we de- 
note by |A| the support of A. For an arc k whose intersections with |A| are 
transverse, we will denote by dX the A-measure of k. 

Let (un) and (vn) be two sequences of non-negative real numbers. We say 
that Un is o{vn) if for any e there is A^(e) such that for n > N{e), we have 
Un < evn- We also write m„ = o{vn). 

We will say that Un is 0{vn) if there are K,N > such that for n> N, 
we have Un < i^fn- 

We say that Un is Q{vn) if n„ is 0{vn) and w„ is 0(u„). 

3. Realisations of doubly incompressible laminations 

Let Tii{M) r\ T he a, small minimal action of 7ri(M) on an M-tree for a 
compact irreducible atoroidal 3-manifold M. Let S" be a connected compo- 
nent of 9^<oM. Using the map : 7ri(5) — > 7ri(M) induced by the inclusion. 
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we get an action of vri(5) on T. Therefore, if A G ^AC{S) is a measured 
geodesic lamination, it makes sense to ask whether or not it is reahsed in T. 
In this section, we shall discuss this question for the connected components 
of a measured lamination lying in T>{M). 

Lemma 3.1. Let tti{M) r\ T be a small minimal action of tii{M) on an 
M-iree. Let A G 'D{M) he a measured geodesic lamination, and a a minimal 
sublamination of X. Then one of the following holds: 

• the measured lamination a is realised in T; 

• there is a sequence of train tracks 9i each of which minimally carries 
a. and has the following properties: 

— 9i has only one switch Ki and Ki D Kij^i for every i. 

— There are a point p & T, a sequence rn — > 0, and a sequence of 
T^\{S)-equivariant maps : ^ T such that (pi maps every 
branch of the preimage of 6i to a geodesic segment (which may 
be a point) with length smaller than rji and such that a preimage 
of Ki is mapped to p under <j)i . Note that the number of branches 
of 6i is uniformly bounded. 

Furthermore there is at least one component of A which is realised in T. 

Proof. Notice that when a is collapsed in T, it is easy to see that we are in 
the second situation. 

Let us first assume that a is a simple closed curve. If Sq-ia) = then a 
is collapsed in T, if 6'r{a) ^ 0, then a is realised in T. 

Now assume that a is not a simple closed curve. We cut M along a 
maximal family of essential discs disjoint from S{a). We denote by N the 
connected component of the resulting manifold that contains a on its bound- 
ary. The surface dN — S{a) is incompressible in N. Let T/v be the minimal 
subtree of T that is invariant under the action of vri (A'') regarded as a sub- 
group of 7ri(M). If T/v is trivial, then a is collapsed. Therefore, from now 
on we assume that T/v is not trivial. Let us denote by F the connected 
component of dN containing S{a). Since A lies in P(M), every component 
of dS{a) is essential in M; hence S{a) is incompressible on F. In particular, 
the measured lamination a can be regarded as lying on F. Using the map 
i^ : F ^ N induced by the inclusion, we get an action of 7ri(F) on T/v. Let 
Tp be the minimal subtree of T/v that is invariant under the action of tti{F). 
We shall divide the proof in two cases. 

First case : F is incompressible in A^. Then the action of vri(T') on Tp is 
small. By Skora's theorem |Sk| . there are a measured geodesic lamination 
^ on F and an isomorphism (p -.Tp ^ Tp from the dual tree Tg of /3 to Tp. 
If /3 intersects a transversely, then a is realised in T (cf. |Qt3| ). If (5 and 
a are disjoint, then a is collapsed in T. It remains to deal with the case 
when a is a connected component of {3. Let {rji) be a sequence of positive 
numbers converging to 0. Let Kj C -F be a sequence of segments intersecting 
a transversely such that Kj+i C and df3 < ^77,. Let 6i be a train 
track minimally carrying a and having only one switch which is (refer to 
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[BoOt § 3.2] for the construction of such a train track). Let p' be a point 
of Plj Kj, and f) G a hft of p'. This point p' corresponds to a point of 
7^ which we shah also denote by j5'. Let p E T be the image of under 
0. Let ki C EI-^ be the hft of Kj that contains p', and the hft of 0, that 
contains Kj. Define on by ^i{ki) = p. Extend to an equivariant 
map from the union of switches of 9i to T. If & is a branch of 9i, we define 
(j)i{b) to be the segment of T which connects the images of the vertical sides 
of b. Finally, extend (pi to a 7ri(5)-equivariant map (pi : M.'^ —>■ T. Let b be 
a branch of 9i. Translating it by an element of 7ri(5), we can assume that 
ki contains a vertical side of b. Since 6i has only one switch, there is some 
g € TTi{S) such that g{ki) contains the other vertical side of b. Let ki be 
an arc joining ki to g{ki) whose projection ki on S lies in 6 — Then we 
have /^^ d(3 = 0. Let k2 C ki be an arc joining p' to ki and let ks C g{ki) 
be an arc joining g{p') to The /3- measures of /c2 and /ca are less than 
^ \'ni- Therefore we have /fcjUfc2Ufc3 — This implies that the 
distance between p' and g{p') in 7^ is less than r]i. It follows then from the 
construction of (pi that the length of (pi{b) is less than r]i. Thus we conclude 
that when F is incompressible, one of the situations of our lemma holds. 

Second case : F is compressible in A^. We shall use the assumption that 
A lies in 'D{M) and some results of |KlSj to reduce this case to the previous 
case when F is incompressible. In the following, we shall be lead to consider 
the case when we can construct some homoclinic leaves using the results of 
[KlSj . Let us first consider what will happen if F contains a homoclinic leaf 
h. 

Claim 3.2. If F contains a homoclinic leaf h which does not intersect \a\ 
transversely, then S{a) is incompressible, the closure of h contains two ge- 
odesic laminations \a\ and A, and there is an essential I -bundle S x I in N 
over a surface S homeomorphic to S{a) such that S x I f] dN = S x {0, 1}, 
S X {0} = S{a), and A is arational in S x {1}. 

Proof. As we saw in the section 2.6, an incompressible surface can not con- 
tain a homoclinic leaf. By construction, F—S{a) is incompressible, therefore 
the geodesic h does not lie in F — S{a). Since a is arational in S'(a), this 
implies that a half-leaf /i+ of h is asymptotic to a half-leaf of a in dN . Let 
h- be a half-leaf of h which is disjoint from 

Let us first assume that h- is asymptotic to a half-leaf of a. By short- 
ening h- and /i+ if necessary, we can assume that they both lie in S{a) 
and are disjoint from A. Since h is homoclinic, it follows then from Lemma 
12.61 that h- is asymptotic to /14. in dN . In particular, since h- is asymp- 
totic to a half-leaf of a, the two half- leaves h- and /14. are asymptotic to 
the same half-leaf of a. Take a short arc k connecting h- and /i+ so that 
they are lifted to a triangle with one vertex at infinity in dN . Then any 
lift of a half-leaf of a going into the inside of this triangle must have the 
same endpoint as the lifts of This means that such a half-half leaf 
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captured between /i_ and h-^ intersects a short arc k however short we take 
k to be. In other words da is independent of our choice of k. Since a 
is not a closed curve and the length of k can be made to tend to 0, we 
have da = 0. Therefore, the union of k and the bounded component of 
h — dk is homotopic to a meridian m C F with i(m, a) = 0. It follows that 
m C F — S{a), contradicting the fact that F — S{a) is incompressible. 

If /i_ is not asymptotic to a half- leaf of a, by shortening we can as- 
sume that h- lies in F — S{a). If S{a) is compressible then by Lemma l2.8t 
S{a) contains a meridian m with respect to which a is in tight position. This 
implies that /i+ is also in tight position with respect to m. Since h is homo- 
clinic, h- also intersects m contradicting the assumption h- d F — S{a). 

If S{a) is incompressible, let V C -F be a small annular neighbourhood of 
d'S{a). By Proposition 12.21 h- U /i+ lies in the boundary of a component 
of the characteristic submanifold of (A^, F—V). More precisely, there is an es- 
sential /-bundle in 
{N,F — V) whose boundary contains /i_ U Since /i_ is not asymptotic 
to a half leaf of a, this /-bundle is not twisted. Hence it is homeomorphic 
to 5 X / with S X {0} = S{a). Let q : S x I ^ S he the projection along the 
fibres. Since h is homoclinic, the half-geodesics q{h+) and q{h-) are asymp- 
totic. Furthermore, q{h+) is asymptotic to q{a). So q{h ) is asymptotic to 
^(q). It follows that A = Sx {1} n (?-i(g(a)) is an arational lamination (in 
S X {!}) that lies in the closure of h-. This concludes the proof of Claim 
[3:21 □ 



Let {Ln) be a sequence of multi-curves in S{a) converging to the support 
of a in the Hausdorff topology. If N contains an incompressible /-bundle 
S X I with S X {0} = S{a), then let c C F — S{a) be a simple closed 
curve such that c C S x {1} and c cannot be homotoped into a component 
of dS X {!}. Otherwise we set c to be empty. By |MoO] . there exist a 
measured geodesic lamination Pn G ^AC{F) and a morphism ipn : Tj\[ 
from the dual tree of Pn to T/v such that for any closed curve which lies 
in Ln U d'S{a) U c, either 6T{ln) > and the restriction of cpn to the axis 
of is an isometry or 5r{ln) = and i{ln,Pn) = (see [KlSj or |Lelj ). We 
extract a subsequence so that |/3„| converges in the Hausdorff topology to 
some geodesic lamination B. 

If a does not intersect B, then a does not intersect /3„ for sufficiently 
large n. This implies that a is collapsed in Tjv and therefore in T. If a 
intersects B transversely, then a intersects Pn transversely for sufficiently 
large n. In this case a is realised in T/v (cf. |K1S[ Lemma 11]) and therefore 
a is realised in T. It remains to deal with the case when \a\ is contained in 
B. 

For n € N, let /?„ be the measured geodesic lamination which we have 
constructed above. Since we are considering the case when F is compressible, 
by Claim 12.31 either there is a meridian m C F such that contains no 
m-waves or there is a sequence of meridians converging in the Hausdorff 
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topology to a geodesic lamination which does not intersect /3„ transversely. 
By the proof of \K1S\ Proposition 2], if /3„ intersects a meridian m and 
contains no m-waves, then can be extended to a geodesic lamination 
with a homoclinic leaf hn- Furthermore by the proof of |K1SI Proposition 
1], any neighbourhood of /i„ contains a meridian. Thus we have found in 
any case a sequence of meridians converging in the Hausdorff topology to a 
geodesic lamination H which does not intersect B transversely. By Casson's 
criterion (Lemma 12. 4p , the lamination H contains a homoclinic leaf. 

Recall that we are considering the case when \a\ C B. Therefore by Claim 
13.21 S{a) is incompressible, H contains two geodesic laminations \a\ and A 
and there is an essential /-bundle S x I over a surface S homeomorphic to 
S{a) such that S x {0} = S{a) and A is arational in S x {!}. 

If F — S{A) contains a meridian, then by Claim 12.31 either there is a 
meridian m C F — S{A) such that a contains no m-waves or F — S{A) 
contains a homoclinic leaf h which does not intersect a transversely. 

Since F — S{a) is incompressible, in the former case m intersects a trans- 
versely. By construction the lifts of a and A to the universal cover of S" x / 
have the same endpoints. Since a contains no m-waves and intersects m 
transversely, A also intersects m transversely (this is derived from the proof 
of |Lel[ Affirmation 3.4]). This contradicts the fact that m lies in F — S{A). 

In the latter case, F — S{A) contains a homoclinic leaf h which does not 
intersect a transversely. Applying Claim 13.21 we get an essential /-bundle 
5 X / such that 5 x {0} = S{a) and that 5 x {1} c F - S{A). By the 
uniqueness of the characteristic submanifold however (see |JaSj or [Jo] ) , this 
is impossible. Thus we have proved that F — S{A) is an incompressible 
surface. 

Any leaf of B intersecting d{F — S{A)) contains a half-leaf asymptotic to 
A. Such a half-leaf intersects infinitely many times the simple closed curve 
c C {F — S{a)) (the one which we have chosen before constructing /3n). 
This implies that i{Pn,d{F — S{A))) is o(i(/9n,c)). On the other hand, by 
construction, we have i{Pn,c) = 5r(c) for any n. Thus we get i{Pn,d{F — 
S{A))) — > 0, which implies that the conjugacy class of iti{F) represented 
by each component of d{F — S{A)) has a fixed point in T. This enables 
us to use Skora's Theorem on the minimal subtree of T which is invariant 
under the action of vri {F — S{A)) and we can argue in the same way as when 
F is incompressible. 

Thus we have proved the first part of Lemma 13.11 It only remains to 
show that at least one component of A is realised in T. This is proved in 
|Le21 Proposition 6.1] (see also [LeH Proposition 6]). Let us briefly review 
the proof. Let (L„) be a sequence of multi-curves converging to A in the 
Hausdorff topology. As we have already seen, there exist a measured geo- 
desic lamination fin G A4C{dM) and a morphism (pn ■ Tp^ T from the 
dual tree of /3 to T such that for any closed curve In which lies in L„, ei- 
ther 5T{ln) > and the restriction of 0„ to the axis of In is an isometry or 
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^T{ln) = and i{ln,Pn) = 0. Extract a subsequence such that con- 
verges in the Hausdorff topology to a geodesic lamination B. As we have 
seen above, any connected component of A that intersects B transversely is 
realised in T. 

If S{B) is compressible, then, by the proof of \KIS\ Proposition 2], S{B) 
contains a homoclinic leaf h which does not intersect B transversely. Such a 
homoclinic leaf intersects A transversely ([L_e2j, see also the proof of Claim 
13.21 above). Thus, if S{B) is compressible, A intersects B transversely. 

If S{B) is incompressible, then we can apply Skora's theorem to each 
component of S{B). It follows that does not depend on n for sufficiently 
large n. Denote by /3 this constant geodesic measured lamination We 
deduce then from [MoS2j that /? is an annular lamination (see [BoO , Lemma 
14] or [LeH Lemme 4.4]). Thus we see that A intersects transversely the 
support B oi j3 also in this case. □ 

4. Mapping the train tracks to e~^H^ 

In this section, we begin the proof Theorem [2j The first step in this 
proof is to construct a /7„-equivariant map from the universal cover of the 
train tracks constructed in Lemma fS.ll to H'^ which has some nice properties. 
Recall that when f is a universal cover of a train track r on a component 
S of dM, we say that a map h : f^H'^ is /9„-equivariant if and only if for 
every g £ 7ri(5) and x G f, we have h{gx) = Pn{i*{9))h{x), where i denotes 
the inclusion from S to M. 

Now let us recall the statement of Theorem [2j 

Theorem 2. Let pn ■ tti{M) Isom(E[^) be a sequence of discrete faithful 
representations which uniformise M and let (A^) C ^A£,{^M) be a sequence 
of measured geodesic laminations such that {lp„{Xn)) is a bounded sequence 
and (A„) converges in A4C{dM) to a measured geodesic lamination A G 
T){M). Then the sequence {pn) has a compact closure in AH{M), namely 
any subsequence contains an algebraically converging subsequence. 

Proof. Assume, seeking a contradiction, that no subsequences of (pn) con- 
verge algebraically. Let us choose a non-principal ultrafilter uj. In the section 
2 : Preliminaries, we have seen that (/0„), regarded as a sequence of actions 
on e„]HI^, tends (with respect to to) to a small minimal action of tti{M) on 
an M-tree T. 

By Thurston's result (cf. [FLP] and |Pe| ) . weighted simple closed curves 
are dense in A4C{S) for every component S of dM. By approximating each 
(A„) by a sequence of such unions of weighted simple closed curves, and 
by a diagonal extraction, we get a sequence of unions of weighted simple 
closed curves on components of dM satisfying the hypothesis of Theorem 
[21 Therefore we can assume that each A„ n S" is a weighted simple closed 
curve if it is not empty for every component S of dM. We further extract a 
subsequence in such a way that (|An|) converges in the Hausdorff topology 
to a geodesic lamination Loo- Let Lrec be the union of the recurrent leaves of 
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Loo- We have |A| C Lrec- Note that Lrec admits a transverse measure with 
full support whose restriction to |A| coincides with the transverse measure 
of A, and endowed with this measure, Lrec is contained in T){M) since A is 
contained in 'D(M). 

Lemma 4.1. After taking a subsequence of {pn), there are train tracks 
and such that 

• each minimal suhlamination of L^o is carried by or r^; 

• \n is minimally carried by Tn; 

• and are disjoint subtracks of Tn; 

• the switches of Tn lie in t^ ^t"^; 

• the sum of the weights with which Tn carries Xn is bounded indepen- 
dently of n; 

and there is a pn-equivariant map hn : t„ from the preimage of Tn in 

the universal cover of dM to 'M? such that : 

a) for any branch b o/f„, its image hn{b) is either a geodesic segment 
or a point; 

b) there are R > and n{R) G N such that, for n > n{R), if b is a 
branch of fn which projects into t^ , then l{hn(b)) > Re~^ ; 

c ) there is a sequence of positive numbers 5n — > such that, for any 
n gN, ifbi,b2 are two adjacent branches of Tn which are separated 
by a switch and which both project into t^ , then the exterior angle 
between hn{bi) and /in(&2) is less than 6n; 

d) there is a sequence of positive numbers rjn — > such that, for any 
n G 'N, if b is a branch of fn which projects into r^, then we have 
^nl{hn{b)) < rjn, wherc En is the rescaling factor of H'^ which ap- 
peared above; 

e) for any n e N, if b is a branch offn which projects into r„ — (r^'^Ur^), 
then Xn{b){enl{hn{b))) is less than rjn for {rjn) given in (d). 

Proof. Since we have only to construct train tracks on each component of 
dM with non-empty intersection with Lqo, we can assume that L^o is con- 
tained in a component S of dM. Let L be a minimal suhlamination of 

L-rec- 

Let us first consider the case when there is a train track 6 minimally 
carrying L which is realised in Ts (recall that Tg is the minimal subtree 
of T invariant under i^TTi{S)). Let be a lift of 6 to the universal cover 
of S. There is a continuous 7ri(5)-equivariant map : — > such 
that (j)n is constant on every tie of 6 and the restriction of (pn to any train 
route is injective. Following |0t2j . we shall construct a p„-equivariant map 
hn ■■ ^ E[3. Let Ki,...,Kp be the switches of 9 and ki,...,kp C lifts 
of Ki,...,Hip. Denote by (aij,n) G Zs C (X^^jx) the point (pni^i). We first 
define hn on {ki,...,kp} by setting hn{ki) = xi^n- We extend this map to 
■ni{S){{ki,...,kp}) by hnig{Ki)) = pn{g) o hn{ki) for any g £ iriiS) and 
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any 1 < i < p. Let 6 be a branch of 9. The vertical sides of b lie in 
two switches k and k' whose images by hn have aheady been defined. On 
6, we let hn be the map which is constant on each tie of 6, and which 
induces a parametrisation of the geodesic segment joining hn{k) to hn{k!) 
with constant speed on a horizontal side of h. Then for any branch b of 6, 
we have eJihnib)) — > hsi4'n{b)) > 0. 

Let 9' be the first subdivision of 9 as defined in |0t3t Chapitre 4, §4.1], 
and 9' C 9 a lift of 9'. We shall deform the map /i„ to one which is adapted 
to 9'. For a branch b of 9' , its image by /i„ is a broken geodesic segment, 
more precisely, it is the union of two geodesic segments. We deform hn by 
a homotopy which is constant on the vertical sides of 6 to a map which is 
constant on each tie of b and takes b to the geodesic segment joining the 
images under /i„ of the vertical sides of b. 

Since 9 is realised in 75, it follows from the argument of \0t3\ Chapitre 
4] that hn has the following properties : 

b) there are R > and n{R) such that, for n > n{R), if 6 is a branch 
of 9', we have l{hnib)) > Re'^; 

c) there is a sequence of positive numbers 6n — > such that if 61, 62 
are two adjacent branches of 9 which are separated by a switch, then 
the external angle between hn{bi) and /i„(^2) is smaller than 5„. 

We perform the same for all the components of L^ec that are realised in 
Ts- Denote by the union of the train tracks 9' thus obtained and by 
hn : ^ the maps which agree with the map defined above on each 
connected component of f^. By Lemma 13. H is not empty. We also 
see that Aj passes through every branch of t"^ for every i after taking a 
subsequence. 

When a component L of Ly-ec is not realised in T, Lemma 13.11 gives rise 
to a sequence of train tracks 9i each carrying L minimally. We can assume 
that Aj passes through every branch of 9i. Let us denote by Tf the union of 
the train tracks thus obtained from the components of L^ec which are not 
realised in T. Finally we add branches to U rf to get a train track Tj 
which minimally carries Loo and Aj. 

We shall now extend the map hn to the preimage of . Consider a 
connected component L of L^ec which is not realised in T. Consider the 
subtrack 9i of Tj which minimally carries L. We get from Lemma l3.ll that 
there are a point x G T, a sequence rn 0, and a sequence of 7ri(S')- 
equivariant maps ■.'M? ^ T such that maps each branch of the preimage 
of 9i to a geodesic segment (which may be a point) with length smaller than 
rji and a lift of k,, is mapped to x under Set x = (x„) € n„(e„]HI^) and 
fix some z G N. Let 9i C be a lift of 9i, and ki C 9i the lift of ki that 
is mapped to x by (^j. Let Gi C 7ri(9M) be a finite set consisting of all 
g G 7ri(9M) such that if 6 is a branch of 9i and ki contains a vertical side of 
6, then the other vertical side of b lies in g{ki). Recall that for each branch 
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b, the length of (j)i{b) is less than r]i. Therefore, we have d{x, gx) < r]i for any 
g & Gi. Since T is the w-ultralimit of e^HI^, we have end{xn, Pn{g){xn)) < 2?7j 
for any g ^ d for n large enough. For any g G GiU{z(i}, we define hn{g{ki)) 
by hnigii^i)) = Pn{9){xn)- Let 6 be a branch of 6i with vertical sides lying 
in two switches ki and g{ki) for some g G Gj. If hn{ki) = hn{pn{g){ki)) , 
then we set hn{h) = hn{ki). Otherwise, we set /i„ to be the map which 
is constant on each tie of b and takes b to the geodesic segment joining 
hn{ki) to hn{pn{9){ki))- Extend hn to an equivariant map from 9i to M^. 
For sufficiently large n and any branch b of Oi, we have enl{hn{b)) < 27^4 . 
Furthermore the sum of the weights with which Oi carries A„ is less than 
4 dXn < J^^ dXn d\. 

We do the same construction for all the components of Lj-ec that are not 
realised in 75, and denote by hn '■ ^ — ^ EI^ the maps whose restriction 
to each connected component of U f2 is the maps thus defined. It follows 
from the construction that there is N{i) such that for n > N{i), if 6 is a lift 
of a branch of t^, we have e„/(/in(&)) < "^Vi- 

It remains to define hn on the lifts of the branches of Tj — (r^ U r^?). Let b 
be such a lift. Let k and k' be the two vertical sides of b. Their projections 
K and k' lie in U r^?. Hence their images by hn are already defined, and 
there are two points x = {xn),x' = (x'n) in T such that hn{k) = x„ and 
hn{k') = x'n- We set /i^ to be the map which is constant on each tie of 
b and takes b to the geodesic segment joining x„ to x'^. We then have 
end{xn, x'n) — > d{x,x'). Furthermore, since A is carried by Ur?, we have 
Xn{b) — > 0. So, for n large enough, we have A„(6)(e„/(/in(^))) < 2r/j. 

Thus we have proved that there is A^(^) such that for n > N{i), for a 
branch 6 of Tj — r^, either 6 is a branch of and we have enl{hn{b)) < 2r]i or 
6 is a branch of Tj — {t^ U r?) and we have Xn{b){enl{hn{b))) < 2rji. Now by 
choosing N{i) such that A^(i) < N{i + 1), and taking a subsequence Ajv(n) 
so that the n-th term is the original A^(n)-th term, we obtain the expected 
train track. □ 

Since the A„ fl S are weighted simple closed curves, t„ n 5 is connected. 
Assume that Tn H S C for some component S of dAd. For large n, A„ 
is carried by r^. By |Qt21 Chapter 4], there is ^ > such that for n large 
enough lp„{Xn) > ?^p„ (^n(An))- It then follows from the condition (b) that 
lp„{hn{Xn)) tends to 00. Therefore we have /p„(A„) > Clp„{hn{Xn)) — ^ 00, 
contradicting the assumption that {lp„{Xn)) is a bounded sequence. From 
now on, we continue our argument under the assumption that t^HS C TnClS 
for every component S of dM. 

5. Constructing annuli 

In this section, we shall work under the following assumptions to which 
we shall refer as the assumptions of the section O 
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Let {pn ■■ 7ri(M) ^ Isom(E[3)) be a sequence of discrete faithful represen- 
tations that uniformise M such that the action of p„(7ri(M)) on enM.^ tends 
(with respect to w) to a small minimal action of 7ri(M) on an M-tree T. Let 
A„ C M.C{dM) be a sequence of measured geodesic laminations such that 
lp„{\n) is a bounded sequence and that converges in M.C{dM) to some 
measured geodesic lamination A. 

At the end of this section, we shall reach a contradiction by showing that, 
under these assumptions, A cannot lie in P(M). This will conclude the proof 
of Theorem [2j 

Take a component S of dM such that SPlr^ 7^ 0. In this section, we have 
only to pay attention to the behaviour of A„ on S. Therefore, for simplicity, 
we denote A„ n 5 by A„, and Tn Ci S hy Tn, etc. In particular, A„ is assumed 
to be a weighted simple closed curve. 

Let us denote by c„ C 5 the support of A„ and by Wn the weight of A^ on 
c„. Let c* be the closed geodesic representative of c„ in EI^/p„(7ri(M)) and 
let 

hn '■ Tn ^ EI^/Pn(7ri(M)) be the projection of By construction, Tn carries 
c„. We set c\ = r-*^, = c„ fl and = c„ fl (t„ — (r^ U r^)). Then 
we have WnlpShn{cl)) = Eb the branches of ^nib)lpAK{b)) and we have 

Wnlp„ihn{cl)) = Efe: the branches of r-(nUr2)^n(6)^p„(/ln(6)). Therefore, by 

the property (d), we have Wnlp„{hn{c^)) = o{e~^) and by the property (e), 
we have 
WnlpSK{cl)) = o(e-^). 

The curve hn{cn) is a piecewise geodesic, whose geodesic segments we call 
edges and whose points where it failed to be a geodesic we call vertices. The 
vertices are the images of the intersection of c„ and the switches of r„. Let 
Xn,i,---,Xn,p„ be the vertices of Kicn), and choose pn points yn,i, ■■■,yn,p„ 
on c*. For 1 < i < we consider the geodesic triangle with vertices 
yn,i,Xn,i,Xn,i+i (with Xn,p„+i = Xn,i and y„,p„+i = yn,i) and the geodesic 
triangle with vertices Xn,i+i,'yn,i,yn,i+i- The union of these triangles for 
i = 1, . . . ,Pn is a simplicial annulus = x [0, 1] cobounded by c* and 
hn{cn)- The metric f„ induced on this annulus by the lengths of paths is a 
hyperbolic metric with piecewise geodesic boundary. By the Gauss-Bonnet 
formula, the area of A„ is less than 2p„7r. By Lemma 14. 1^ the sequence 
{wnPn) = (Eb: the branches of r„-^n(^)) IS bounded. We parametrise An by 
X [0,1] so that the projection of 5^ x {1} to H3/^„(7ri(M)) is <. We 
denote by the part of 5^ x {0} corresponding to /i„(c^) for j = 1,2,3, 
and by c„ the union of the three. 

For a positive number e, which we shall specify later, and each point 
a; G c^, we consider a geodesic arc ax on {S^ x /, f„) perpendicular to x {0} 
at X having length e with respect to Vn- If the perpendicular reaches x dl 
before the length e is attained, we define to be the geodesic arc having 
both endpoints on S"^ x dl. 
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We are going to estimate from below the length of the set of points x for 
which the ax reach x {1} without intersecting themselves or each other. 
Since the length of this set of points is bounded above by length(c* ) (with 
respect to we get an inequality, which will appear as the inequality (i) 
below. For that, we need to subtract from the length of the lengths of (I) 
the set of points x for which ax has self-intersection, (II) the set of points x 
for which ax intersects ay with x ^ y, (III) the set of points x for which ax 
has an endpoint on either or c^, and (IV) the set of points x which are 
neither of type (I) nor of type (II) and for which ax has an endpoint in the 
interior of x /. 

We first consider the contribution of the points of type (I) to the length, 
i.e., x for which intersects itself transversely. By the Gauss-Bonnet for- 
mula, a geodesic loop formed by a subarc of cannot be null-homotopic. 
Hence, there must be a loop formed by a subarc of ax freely homotopic to 
5* X •[!}•. It follows that if both of two perpendiculars , ax2 

with xi 7^ X2 

have self-intersection, then ax^ n a^a 7^ 0- Thus, the contribution of the set 
of x with self-intersecting to the length is absorbed in the contribution of 
X with ax intersecting another ay, that is, of type (II), which will be dealt 
with below. 

We next consider the points x of type (II) namely ax intersects ay for 
some y & c!^. Let m be a point in the intersection H a^y, and let a'^,a'y 
be subarcs of ax, ay between x and m and y and m respectively. Let (3 be 
an arc on c„ to which U a'y is homotopic fixing the endpoints. Suppose 
that (3 is also contained in c\. We then say that x is an inessential point 
of type (II). It was shown in |Bol Lemme 5.11] that, in this situation, there 
is a constant depending only on e and the maximal exterior angle of the 
vertices on c\, which is less than 5n in our case, such that x is within the 
distance with respect to f„ from a vertex of c^. It was also shown in [Bo] 
that the constant ^„ tends to as either 5„ or e goes to 0. If /5 does not lie 
on c^, then we say that x is an essential point of type (II). We also call an 
arc such as a'^Ua'y, which is not homotopic to an arc in c\, an essential arc. 
We should note that the length of such an essential arc is less than or equal 
to 2e. Let c+ be the union of the essential point of type (II). We shall use 
the essential points of type (II) to construct a sequence of annuli in Lemma 
15.21 and then these annuli will lead us to a contradiction. 

Now we consider the points of type (III). The total length with respect to 
Vn of the set of points x on c\ for which reaches a point on is bounded 
above by the length of c^. Similarly, the total length of the set of points x 
for which reaches a point on is bounded above by the length of c^. 

Finally we consider the points of type (IV); the points x such that a^\{x} 
is contained in the interior of S*^ x / while ax has neither self-intersection 
nor intersection with another ay. Since the union of ax for x of type (IV) 
has area bounded below by the length of the set of points x of type (IV) 
multiplied by sh(e), we can bound the length from above by Area(^„)/sh(e). 
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Putting all of these considerations together, we get an inequality: 

(i) ^P„(cn) - ^PnCn " IpM) " IpM) " Area(A„)/sh(e) - /p„(c+) < lp„{c*J. 

As we saw at the beginning of this section, from the properties (d) and (e), 
we get Wnenlp„{Cn) — > and Wn^nlp„{Cn) — > 0. We also saw that (wnPn) 
is a bounded sequence. It follows that we have 2wnPnin — ^ 0. This implies 
also that i(;„Area(A„) < 2wnPn'^ is a bounded sequence and that we have 
enWnA.vea{An) — > 0. By assumption {wnlp„{c*n)) = (Ini^n)) is a bounded 
sequence; hence enWnlp^iCn) tends to 0. Thus we get Wnen{lur,{Cn)-liy„{c:^)) — > 
0. We put it into a form of a claim for later use. 

Claim 5.1. We have Wnenilu„iCn) - lu„icn)) — > 0. 

From this claim, we shall deduce the following lemma which will prevent 
A from lying in T>[M). 

Lemma 5.2. Under the assumptions of the section\^ there is a homoclinic 
leaf or an annular lamination that does not intersect |A| transversely. 

Proof. We shall prove this lemma in several steps. 

Fix an orientation for c^. Let s be a segment lying in c^, and put on it 
the orientation induced by that on c„. The train route 6(1), of s is 
the ordered finite sequence of branches of through which s goes in this 
order : b{i) is an element of the set ...,bp} of branches of r^. We fix an 
orientation for each branch of r^. A branch b{i) in the train route of s is said 
to be positively oriented if its orientation coincides with the orientation of 
s and negatively oriented otherwise. The oriented train route 6o(l), ...,bo{t) 
of s is the ordered finite sequence of oriented branches of through which 
s goes in this order with the assigned orientations: bo{i) is an element of 
{bi,...,bp} X {+,—}. When (bo{i))i,zi is an oriented train route, we shall 
denote by {b{i))i^i the corresponding non-oriented train route. 

Now we are going to construct some long and thin bands connecting two 
segments of hn{cn). 

Lemma 5.3. There are two infinite oriented train routes bo, 6o' : N — > 
{6i, bp} X {+, -} in T^, a map F : N ^ N, and a map F : N x N ^ N 
such that for any n,t £ N there are F{n,t) disjoint segments s{n,j) C c\ 
{1 < j < F{n,t)) satisfying the following : 

• the oriented train route of s{n,j) is {bo{i))i<t; 

• there is a segment s' {n, j) C c\ whose oriented train route is ibo'{i))o<i<v{t)i 

• there is a homeomorphism gnj : hn{s{n, j)) hn{s'{n,j)); 

• gn,j{hn{v{i))) € hn{b'iy{i))) for any i <t and n G N where v{i) = 
b{i)r)b{i + l); 

• any point x € hn{s{n, j)) is connected to gnj{x) by an essential arc 
Cnix) on An with length less than 6e; 

• the simple closed curve s{n,j) U Cn{ds{n, j)) Us'(n,j) bounds a disc 
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• for any t G N, F{n,t) tends to oo as n — > oo. 

Notice that we have adopted the convention G N, which is necessary 
since the map F may vanish for many {n,t). 

Proof. Let {cti^„, (J2,n, • • • } C c„ be a maximal family of disjoint segments 
with diameter 6e such that the middle point Xi^n of ai^n lies in c^. Consider a 
segment ai^n and its middle point xi^n- In the family of essential arcs joining 
^«,n to c^, we take an arc cti n 

to be the shortest (with respect to fn). Since 
Xi^n lies in c^, the length of Oi^n is less than 2e. 

If doi^n — Xi^n lies in some aj^n, we denote by Cj,n the geodesic segment 
joining Xi^n to Xj^n which is homotopic to aj^„ relative to Xi^n U aj^n- If 
doi^n — Xi^n is disjoint from IJ^'i,"! define Cj,n to be aj^„. The length of 
each segment thus obtained is less than be. We shall next show that the 
segments have mutually disjoint interiors. 

Consider two different segments Ci,n and C,2.n and assume that their in- 
teriors intersect. Then the interiors of ai.„ and a2.n also intersect. Let y 
be a point in the intersection. Let [xi^n,y[ be the connected component of 
0'i,n — {y} containing Let k be the shortest segment among ai^„ — y[ 
and a2,n — [x2,n,y[- Then, for i = 1,2, the length of the arc [xi^n,y] U k is 
less than or equal to the length of Oj^ri- Furthermore one of the two arcs 
[xi,n,y] U K, say U k is not the shortest in its homotopy class rela- 

tive to the endpoints. Let a'l be the shortest arc homotopic to U k 

relative to the endpoints. Then the length of the segment a'^ (with respect 
to Vn) is less than the length of ai^„. Recall that we chose ai^n which is 
shortest among all essential arcs joining to c^. It follows that a'^ is not 
essential, namely there is a segment /3 C c,)j homotopic to a'l relative to the 
endpoints. The endpoints of f3 are xi^n and another point which we call yi. 
The distance (with respect to z/„) between xi^n and yi is less than the length 
of a'l which is less than 2e. By the properties (b) and (c), each component of 

(in particular the one containing /3) is a union of long geodesic segments 
such that the exterior angle between two consecutive segments is small. By 
[CEGl Lemma 4.2.10] such a component of is a {K, ry)-quasi-geodesic with 
K^l, ry— >0 as n— *-oo. It follows that there is N (independent of /3) such that 
for n > N, the length of f3 is less than 3e. This implies that yi lies in cri^„. 
By our definition of Ci.m it has an endpoint on xi^n, not on yi (see figured]). 
This contradicts our assumption that the interiors of Ci,n and C2,n intersect. 

Even if some segment ai^n has a self-intersection, the same argument shows 
that Ci,n does not have any self-intersection. 

Thus we have proved the following claim. 

Claim 5.4. There is a map fn : {a^i, ,m X2,m •••} ^ and a family ((^j) of es- 
sential segments with disjoint interiors such that the length of Q is less than 
5e, 

dCi = {Xi, fn{Xi)}, and {/„(xi,„), /„(x2,n), •••} n Ui C X2,n, •••}• 
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Figure 1. Prom ai,„ to Ci,; 



Let j be an integer, and cut c„ into disjoint segments Si^„, .S2^n! each 
containing j edges (if the number of edges of some component of c^^ is not 
a multiple of j, then there are some edges of not belonging to any one of 
these segments) . The following claim will help us to evaluate the number of 
segments thus obtained. 

Claim 5.5. Letrn be the number of the components ofc\. Then, WnVn — ^ 
as n ^ GO. 

Proof. Note that any train route on r„ connecting a point in and a point 
in must pass through a point in r„ — (r^ U r^)). Therefore between any 
two components of c^, there is a component of c„ n (t„ — (t^ U r^)). Hence 
(u;„r„) is bounded above by 5^6(3^^_(^iu^2) A„(6). Since |A| C -L^ec is carried 
by ri U r2, the sum ^j^^^_^^i(j^2) A„(6) tends to as n — cx). It follows 
that we have iWn^n — ^ 0- C 

Since iUn(the number of edges of c\) = WniJ^bcr-^ c„(6)) — > Zlbcri Mb), 
the number of edges of is 0(ttJ^^) = 0(j9„). The number of edges not 
lying in one of the Si^n is less than jr„ = o{pn)- It follows that the number 
of segments Si^n is ©(Pn)- 
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Let tn be the number of edges of c„ containing no segment among the 
cjj^ri- If an edge e contains no segment among the ai^n, then there is no point 
of in e outside the 6e-neighbourhood of de. By the property (b), the 
total length of these edges is greater than tnR^n^ and smaller than l,/„{cl^) — 
W(4) + 12ine. By Claim EH 

Thus we have seen that among the Si^n, there are Q{pn) disjoint segments 
lying in and containing j edges each of which contains a segment among 
the ai^n- We shall denote these 0(p„)-many segments again by si^„, S2,n) • • • • 

Let s £ {si,n) S2,n, . . . } be a segment with the following property : there 
are at least two distinct components of cj^ containing an endpoint of Ci,n for 
some Xi^n S s. Let be the number of those with this property among the 
Si^n- In each such a segment s, we choose two points in {xi^niX2,n, ■■■} H s, 
say xi^n,X2,n, such that and (2,71 connect s to distinct components of 
and the segment ]xi^n, X2^n[C s does not contain any Xk^n- There may be 
several Ci,n which have or X2^n as an endpoint. There are two points 
yi^n and y2,n which lie in two distinct components of such that (resp. 
y2,n) is connected to rci_„ or X2,n by some Ci,n and that if [yi,n,2/2,n] is the 
segment of c„ joining to y2,n whose interior does not contain then 
there is no Ci,n connecting '\yi^my2,n[ to {xinjX2.n}' Let us embed in 
a round disc such that c„ is the boundary and connect to y2,n by a 
geodesic segment with respect to the ordinary Euclidean metric on the disc. 

Assume that for another segment s' € {si^n, ■ ■ ■} with the same property, 
the resulting geodesic segment intersects transversely the geodesic segment 
produced from s above (i.e. the geodesic segment connecting yi^n to y2,n)- 
Suppose that X3^„ and x^^n are the points on s' chosen in the same way 
as xi,„,X2,n for s. Then we have [x3^n,X4^^n] C [yi,n,y2,n] and either ?/i,„ G 
{x3,n,X4,n} oi y2,n G {x3,n, X4,n} ■ There is only one segment Sj,„ containing 
f{xi^n) and only one containing f{x2,n)- Since there is no Ci connecting 
]yi,n,y2,n[ to xi^n-,X2,n, if we have /(x3,„) G {xi^n,X2,n} then X3,n is equal 
to f{xi^n) or /(x2,n)- It follows that there are only two possibilities for 
the configuration of s, s' and the geodesic segments constructed above (see 
Figure [2D. 

From that we deduce that there are at least disjoint geodesic segments 
in the round disc, each connecting two distinct components of c\. Further- 
more, since the Qi have disjoint interiors, any pair of connected components 
of is connected by at most two of these disjoint segments. Consider a map 
from Cn to a round circle that preserves the order and maps each connected 
component Cj of c\ to a point Qj. Join two points Qi and Qj by a segment if 
and only if there is one of the segments constructed above which joins Cj and 
Cj. Thus we have constructed at least segments with disjoint interiors. 
We can now add some geodesic segments in the disc to get a triangulation 
of the polygon with vertices Qi, ■■■^Qt^- Such a triangulation has 2r„ — 3 
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X2,n 




y2,n 



Figure 2. A segment intersects at most two other segments 

edges (this can easily be computed with the Euler formula). Therefore we 
have < 2r„ - 3 = o{pn). 

Since we initially had Q{pn) segments {si^^, S2,n, •••}, after excluding o(j)n) 
segments as above from them, there remains Q{pn) disjoint segments {si^m 52, 
in c^, (for which we use the same symbols) such that if s is one of those 
segments, then we have : 
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• s contains j edges; 

• i) each edge of s contains some Xi^n', 

• ii) there is a unique component C (depending on s) of such that 
for any Xi^n G s, we have fn{xi^n) S C. 

Let s be one of these segments, C the associated component of c\, and 
X a point of s n {xi^n, ■■■}■ Denote by Cx the corresponding Cj,n- Since An 
is an annulus and is embedded, there are only two possibihties for the 
homotopy class of relative to sL) C. Therefore, taking 2j instead of j at 
the beginning and cutting each segment into halves, we get Q{pn) disjoint 
segments {si.n, •••} in each one containing j edges and satisfying (i), (ii) 
above and : 

iii) for any x,y ^ s nc^, Cx and Cy are homotopic relative to s U C. 

Let s be one of the segments produced above, and C the corresponding 
component of c^. Let x and y be the extremal points of s fl {xi^n, ■■■}, and 
[x,y] the segment in s joining x to y. The segment [x,y] contains at least 
(j — 2) edges. We have the following : 

Lemma 5.6. There is N G N which does not depend on s such that for 
any n > N we have the following by homotoping An keeping dAn and 
unchanged: 

- there is a homeomorphism gn ■ [x,y] — > [fnix),fn{y)] such that for any 
n > N and any z € [a;,y], the two points z and gn{z) are connected by an 
essential arc whose length (with respect to Vn) is smaller than 6e. 

Proof. By the property (iii), the simple closed curve CxU[x, y]UCyL)[fn{x) , fniu)] 
bounds a disc in An- Since both [x,y] and [fn{x),fn{y)] he in c^, by the 
properties (b) and (c), they consist of long geodesic segments such that the 
external angles formed by two adjacent segments are less than Let k be 
the geodesic segment in / pn{Tri{M)) joining x to y that is homotopic to 
[x,y], and let k' be the one in BI^//9„(7ri(M)) joining /n(x) to fn{y) that is 
homotopic to [fnix], fn{y)]. We parametrise the arcs [x,y], [fn{x), fn{y)], k 
and k' by the arc-length. 

By [CEGl Lemma 4.2.10], for sufficiently large n, we have 
d{[x,y]{t),k{t)) < e'nanddi[fn{x),fn{y)]{t),k'{t)) < for any t with 
0. It follows that 1 < M) < <l + e'n and that 1 < ^^^M^^/^Ay)) < 

l + e'n for sufficiently large n, where /(.) denotes the length in E[^//j„(7ri(M)). 
Therefore, we have d{[x, y]( '^|^^^^^ t), k{t)) < 2e^ for sufficiently large n. For 

the same reason, we have also d([/n(2;), /n(?/)](^^^^^J^y^i), A;'(t)) < 26^. 

By the property (iii), the simple closed curve Cx kU Cy U k' bounds a 
disc. Since k and k' are geodesic segments, the function d{k{t), k' (j^t)) is 

convex. Therefore we have d{k{t),k'{^t)) < be for any t. 

We define gn ■ [x,y] [fn{x), fn{y)] by the following formula 

9n{[x,y]C-%ft)) = [fn{x),fnm '^^^"%{"^'^^ t). Setting . = [x,y]C-^t), 
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we have that the distance d{z, gn{z)) is less than the following quantity 

d{[x, y]C-^t), k{t))+dik{t), k'{^t))+d{k'{^t, 

Then we get from the above d{z,gn{z)) < 5e + 4e^. Now we conclude by 
taking such that 4e^ < e for n > N and by changing An by a homotopy 
so that the geodesic segment Cn{x) connecting z to gn{z) lies in An for any 
2; in s. □ 



We remove from s its two extremal edges so that g„ is defined on the 
entire s. 

By construction, there is a constant R' such that for any branch b of r^, 
we have l{hn{b)) < R'^n^- By Lemma 15.61 and since 5„ — > as n ^ 00, we 
have lp„ign{s)) < lp„{s) + 13e < {j - 2)i?'e*i + 13e. Therefore if is the 
number of edges which gn{s) contains, j'n < {j — 2)(-^ + 1) for large n. 

Since has only finitely many branches, there are only finitely many 
possibilities for the oriented train routes of s and of gn{s)- Thus we can 
find 6(p„)-many disjoint segments ...} with the properties (i), (ii) and 

(iii), having the same oriented train route such that the gn{s) also have the 
same oriented train route for all s G . . . }. 

Now we fix j to be 3 and extract a subsequence so that the oriented train 
routes of Si^n and gn{si,n) do not depend on n. 

To each Si^n, we add the edge of Cn which is adjacent to the last (with 
respect to the orientation of Si^n) edge of Sj^„. In this family of segments, 
take a maximal family of disjoint segments lying in c\, which we denote by 
{s'l ni ^'2,ni •••}• Claim [531 the number of elements in this family is Q{pn)- 
We shall find in this family Q{pn) segments which have the same properties 
as the segments . . . } above. 

We have already seen that the number of edges of c\ not containing a 
segment ai^n is o(p„). Therefore we can find 0(pn) segments among the s[ „ 
each of whose edges contains an element of {o"i,n, •••}• We denote this family 
of segments again by s[ „ changing the indices. 

By the same argument as above (see the paragraph before the statement of 
property (ii)) the number of segments s[n such that there are two distinct 
components of c\ containing a point fn{x) for some x G s • ^ fl {xi, ...} is 
o{jpn)- Therefore we have 0(pn) segments among the satisfying (i) and 
(ii). We denote this subfamily of segments again by s[^. 

Let s'l n be one of these segments, and C\ the connected component of 
such that we have fn{x) € Ci for any x G s'^ „n{j;i_„, ...}. Assume that there 
are two arcs Cx and Qy with x, y S s'^ ^ n ...} which are not homotopic 

relative to s'^ U Ci. Let s^ n be another one of the s[ „ and C2 the connected 
component of such that fn{x) € C2 for any x € PI {xi^„, ...}. Since 
the Ci.n have disjoint interiors, if Ci = 6*2, then s^n bas property (iii). It 
follows that there are at most r„ = o{pn) segments s[ „ that do not have 
property (iii). 
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Thus we have seen that there are Q{pn) disjoint segments {s'l „, ...} with 
the properties (i), (ii) and (iii) such that each s • ^ is obtained by adding 
to one of the Sj^„ the edge adjacent to the last edge. The proof of Lemma 
15.61 apphes to these segments, yielding an homeomorphism which can be 
chosen to coincide with the one defined on the segments Si^n if restricted to 
them. 

Prom this last family, we take Q(pn) segments such that the oriented 
train routes of „ and do not depend on i. Then we extract a 

subsequence (with respect to n) such that for sufficiently large n, the oriented 
train routes of s'^ „ and of gnis[ ^) do not depend on n. 

By doing this argument recursively, increasing j one by one, we complete 
the proof of Lemma 15.31 □ 

When (6o(i))jgN is an oriented train route, we denote by the 
corresponding non-oriented train route. Since for any t, the simple closed 
curve Cn goes through the oriented train routes {bo{i))i<t and {bo'{i))i<t for 
n large enough, there are two half-leaves Z+ and of Lrec whose oriented 
train routes are (6o(i))jgN and (6o'(i))igN respectively. 

Let e € N be an integer which we shall specify later, and let (/? : N — > N 
be a strictly increasing map such that : (*) 

(1) bo{ip{i) + j) = bo{ip{0) + j) for any i E N and any < j < e. 

(2) bo'{V{ip{{)) + j) = bo'{V{ip{0)) + j) for any i G N and any < j < 
5e + L 

(3) Suppose that (resp. is not a closed curve, and let Oi be a 
sub-arc of with train route (^(i))(p(o)<j«/p(i) (resp. a[ the arc of 
l'^ with train route (^'(«))<^(o)<i<v3(j))- We can assume that the two 
endpoints of (resp a-) lie in the same switch of r^. Then the 
sequences (dai) (resp. da'j) converges to a single point with respect 
to the Hausdorff topology. 

The existence of such a map (/? follows from the fact that the number of 
branches of is bounded. 

For i G N, let N{t) be an integer such that F{n, t) > 1 for any n > N{t) 
where F{., .) is the map defined in Lemma 15.31 The map : N ^ N can be 
assumed to be increasing and non-constant since we can assume that F{n, t) 
is non-constant with respect to t. For n > N{e), let A;„ be the maximal 
number such that N{ip{kn) + e) < n < N{ip{kn + 1) + e). Since C r, the 
train route of Cn never contains the entire {b{i))i^ii, which lies in r^. This 
implies that F{n,t) = for sufficiently large t; hence we have kn < oo. Let 
■0 : N ^ N be the map defined by il^^n) = kn- Since ip is strictly increasing 
and N is increasing and non-constant, il^^n) tends to oo as n tends to oo. To 
get a better idea on this map ip, the reader should notice that if we forget 
the condition (3), 'ip{n) denotes the number of times that s{n,j) comes back 
to the oriented train route (feo(fc))<^(o)</fc<e+(p(o) at the same times as s'{n,j) 
comes back to the oriented train route (bo' (k)) ^^^^^^^Ri_^_^^_^^^^y 
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Let US denote by h' the branch 6'(y((/9(0))). For each n > N{e), cut the 
geodesic segment hn(b') into ip{n) isometric segments <;(j,n). The length 

lp^M3,n)) of such a segment is < R'^ = o{e-'). 

Let s{n,ip{%l){n)) + e) C be a segment which we obtained in Lemma 
15. 3[ For simphcity, we shah denote it by s„ and the corresponding seg- 
ment (^(V'(n)) + e) by s'^. Note that s„ goes through the train route 
(^o(^))o<fc<</3(V(n))+e> and hence it travels through (6o(A;))^(o)<fc<e+(^(o) at 
least ip{n) + 1 times. The same thing holds for s'^ by the property (2) of (*). 
By Lemma 15. 3^ we see that for any < i < ipin), 
gnohnOv{ip{i)) lies in hn{h' {V {ip{i)))) = hn{h') (where Qn stands for 5n,</3(v(n))+e)- 
Recall that we have ip[n) segments (;{j,n). Among the tpln) + 1 points 
gn°hn° v{ip{i)), < i < tpin), we can find two points gn oh^o v{ip{in)) and 
gnohnO v{ip{jn)) which lie in the same segment among the <;"(j, n), which we 
denote by Let I„ C s„ be the segment between v{ip{in)) and v{ip{jn))- 
Assume that j„ > in and let Jn be the sub-segment of Sn containing the e 
vertices following v{ip{jn))- 

Let Sn C be a lift of hn{sn), and let v{ip{in)), v{ip{jn)), In and J„ be 
lifts of hn o v{<p{in)), K o v{<p{jn)), Kiln) and hn{Jn) respectively, lying in 
Sn- We lift the map gn to a map gn from s„ to a lift s'n of s^. Let Pn{<^n) £ 
Pn{T^i[M)) be the covering translation that takes v{ip{in)) to v{if{jn))- Since 
all the branches bo{(p{i)) have the same orientation, pn{o,n) acts on as a 
translation. Since 
bo{if{in) + j) = bo{ip{jn) + j) for all j < e, the isometry Pn{an) also acts as 
a translation on I^i U Jn- Let be the lift of qn that contains gn o 
let ^'n be the lift that contains (jn ° ^{ip{jn)), and let PnWn) be the isometry 
that maps to <^^. Let I'n C be the piecewise geodesic segment between 
cjn ° v{ip{in)) and Pni^n) ° 9n ° v{ip{in))-, and let C s'n be the segment 
between Pn{p!n) ° {jn ° v{ip{in)) and gn o v{ip{jn) + e). From the assumption 
that 6o'(l/((^(z„)) +j) = bo'{V{ip{jn)) +j) for any < j < + 1, it follows 
that Pnici'n) acts as a translation on U J^. 

As we saw before, the length of <fn is o(e~^). It follows that the distance 
d{gn °v{ip{jn)), Pnia'n) o gn o v[(p{in)) is o(e~-'^). From this and the facts that 
Pnidn) acts as a translation on I„ U J„ and that Pnia'n) acts as a translation 
on I'j^L) Jn, we shall deduce the following claim : 

Claim 5.7. For R > 0, let Vii{Jn) be the R-neighbourhood of Jn, then for 
any sequence of points Zn € Vij(Jn), we have d{zn, Pn{cLn^cin){zn)) is o{e~^). 

Proof- It is sufficient to prove this claim for any sequence Zn € Jn- Since 
Pn{a~^) acts as a translation on InUJn, the point pn{a~^){zn) is the point z!^ 
on In U Jn that is at a distance (measured on /„ U J„) equal to d{zn,v{if{jn)) 
from v{ip{in))- Hence we have d{zn,v{(p{jn)) = d{z'n^v{ip{in)))- 

The point z'^ = Pn{cL'n) o gn{Zn) is the point of that is at a distance 
(measured on I'n U J/,) of d{gniz'n), gn ° vi^iin)) from /0„(a'„) o ^„ o ^((^(z^)). 
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The points gn°hnOv{ip{in)) and gn°hn°v{ip{jn)) both he in whose length 
is o{e~'^). It foUows that the distance d{gn ° v{ip{jn)), Pn{a'n) ° gn° v{ip{in))) 
is o{e~^). Therefore we have d{z",gnOv{ip(jn))) = d{gn{z'^),gn°v{f {in))) + 
o(e~^). From Lemma [531 we get then the equahty d{z'^,gn o v{Lp{jn))) = 
d{z'^,v{Lp{in))) + o{e~^). Using the equahty of the paragraph above, we get 
d{z",gn o v{ip{jn))) = d{zn,v{ip{jn)) + o{e-^). Since almost geodesies J„, 
lie 6e-neighborhood each other, it follows that we have (i(z^,Zri) = o(e~^). 
By definition, we have z(( = PnWn) ° gn° Pn{o.n^){zn)- Therefore we have 

d{zn,z'^) - d{z'^, pn{a'na~^){zn)) < d(p„(a^a^^)(z„),z„) and 

d{pn{a'^a~^){zn),Zn) < d(zn, z") + d(z", pn{a'^a~'^){zn)). 
We have also 

d{Pn{{any'^)Zn, pn{an^)zn) = o /)„ (a^^ ) (z„) , p„ (o^^ ) (i„)) = oie'^). 

Thus we finally get the equality d{pn{a'^a'n^){zn),Zn) = o(e^^). 

We should notice that the o(e~^) is "uniform", namely there is a sequence 
(5n ^ independent of (z„) such that (i(/)„(a^a^"^)(z„), i„) < 5n^~^- D 

We shall use this claim to prove the following lemma. 

Lemma 5.8. There is N such that for n > N, pn{a~^a'^) = id. 

We will use the following lemma 

Lemma 5.9. Let [An,Bn\ C M.^ be a sequence of geodesic segments be- 
tween An and Bn such that l{[An,Bn]) is 0(e~^) and let SmS'^ € 7ri(M) be 
two sequences such that the distances d{An, PniSn)iAn)) , d{An, PniS'n)iAn)) , 
d{Bn, pniSn){Bn)) and d{Bn, pn{S'n){Bn)) are all o{e~^). Then there is N 
such that for n> N, [pn{Sn) , Pni^'n)] = Id. 

Proof. This comes directly from the arguments that M. Kapovich used in 
[Kal Theorem 10.24] to prove that the action is small (cf. [Ka, p. 239]). □ 

Proof of Lemma \5.8[ Set e = 2p + 1 where p is the number of the branches 
of r^. If we fix some n G N, we can find two different integers ii and i2 
between tp{n) and tp{n) + e such that bo{ii) = 60(22). Let Kn C Jn be the 
segment of s„ with train route {b{k))i^<_k<i2-, and let 5n G 7ri(M) be the 
element such that Pni^n) takes v{ii) to v{i2). The isometry pn{Sn) acts as a 
translation on the lift Kn that lies in s„. Since \i2 — «i| < e,we can extract 
a subsequence such that Sn does not depend on n. Let us denote it by g. 

Let Kn~ and Kn+ be the two extremal edges of Kn, such that pn{g) 
maps Kn~ to Kn+- By Claim \57l\ up to o(e~^), pn{a~^an) is the identity 
on InD Jn. By the same arguments, p„(a^^a„) is the identity on I„ U J„ 
up to o(e^^). It follows that we have : 

- for any sequence Zn £ V/j(K„+), d{zn, [pn{a~^ a'J , Pn{g)]izn)) = o(e~^); 

- for any sequence Zn G Vij(-^„_), d{zn, [Pn'^ (g) , Pnia'^ a'n)]{zn)) = o{e-^); 

- for any sequence Zn G VR{Kn+), d{zn, [pn{g), Pn{a'~^an)]{zn)) = o{e~^). 
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Since Kn+ and Kn- are edges of hnic}^)-, their lengths are 0(e^-^). Apply- 
ing Lemma 15.91 to the segments Kn- and i^n+j we see that for sufficiently 
large n, [pn{a~^a'^), pn{g)], [p~^ {g) , Pnia''^ a'^)] and [pn{g) , Pnia'''^ an)] com- 
mute with pn{a~^a'n)- Therefore they belong to an elementary subgroups 
of p„(7ri(M)). By |Kal p. 239], it follows that the group generated by 
Pn{a~^an) and pn{g) is elementary. 

Since ii ^ 12, the distance of translation of Pn{g) is 0(e~^).ln particular 
Pn{g) is not a parabolic isometry. Since the group generated by pn{a~^a'n) 
and Pn{g) is elementary, there are / G 7ri(M), t,tn € N such that g = 
and a'^a'n = /*". Since the distance of translation of Pn{g) is 0(e~"'^), the 
distance of translation of Pn{f) is 0(e~^). But by Lemma [57fl the distance 
of translation of pn{a~^a'n) is o(e~^). Therefore we have pn{a~^a'n) = id for 
sufficiently large n. □ 

In the construction of a„ and a^, we chose in and j„ so that gn°hn{v{ip{in))) 
and (7„ o hn{v{(p{jn))) lie in the same segment <f„. The consequence of this 
choice is that the distance measured on hn{sn) from Qn o hn{v{ip{in))) to 
5n o hn{v{ip{jn))) is Smaller than R'^^. In fact we only used the fact that 

the distance measured on hn{sn) from gn°hn{v{ip{in))) to gn° hn{v{ip{jn))) 
is o(e^^). Therefore we could have imposed a weaker hypothesis on i„ and 
jn, namely that gn o hn{v{^p{in))) and gn o hn{v{^p{jn))) are separated by 
o('0(ra))-many segments (^{j,n). This allows us to assume that in tends to 
00 while the result of Lemma \5M that pnidn^a'n) = id still holds for suffi- 
ciently large n. 

The exhausted reader will probably be glad to know that we shall now 
construct the homoclinic leaf or the annular lamination of Lemma 15.21 

Let us fix a reference hyperbolic metric on dM. Recall that Z+ and 
are two half-leaves 1+ and I'j^ of L^ec whose train routes are {bo{i))i^^ and 
{ho'{i))i^^ respectively. Let kn C 1+ and fc^ C be the geodesic arcs with 
train routes (6o(i))<^(j^)<i<^(j^) and (6o'(i))^(j^)<j<^(j-^) respectively The 
endpoints of kn (resp. k'n) are connected by (resp. n'n) which 

lies in a switch of r^. Let e„ (resp. e^) be the closed geodesic in the free 
homotopy class of kn U k„ (resp. k'n U k^). These curves may have some 
self-intersections. Note that e„ (resp. e^) represents a„ (resp. a^). 

Since z„ tends to 00, it follows from the choice of ip (by property (3) of 
(*)) that the length of k„ tends to (with respect to our reference metric on 
dM). Moreover, the orientation of b{<p{in)) coincides with the orientation 
of b{^p{jn)), so the curve kn U Kn is getting closer to a geodesic. Let V(-Zvrec) 
be a neighbourhood of Lrec- Since the lengths of «;„ tend to and since 
kn C Lrec, the curve kn U «;„ lies in V{Lrec) for n large enough. So we get 
that en lies in V{Lrec) for n large enough. It follows that the sequence (e„) 
converges to a connected component of Lrec in the Hausdorff topology. The 
same arguments apply to the sequence (e^) and shows that it also converges 
to a connected component of Lrec in the Hausdorff topology. Furthermore 
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it follows also from the choice of kn and Kn that we have i(A, e„) — > and 

By Lemma I5.81 there is an annulus En (not necessarily embedded) con- 
necting Cn to e'n- Notice that since M is irreducible and atoroidal, such an 
annulus En is unique up to homotopy. Since hn is homotopic to the inclusion, 
there is an annulus Fn (not necessarily embedded) in M„ = EI'^/p„(7ri(M)) 
connecting hn{en) to hn{e'n)- Furthermore, we can change An by a homo- 
topy so that Fn is a subset of An- 

Assume first that En can be homotoped in dM. Then e„ is homotopic to 
e'n in dM. Since Cn and are closed geodesies with respect to the reference 
metric on dM, they are equal. So En is homotopic to e„. It follows that Fn 
is homotopic to hn{en)- Let Cn C -F„ C An be an arc produced in Lemma 
15. 3[ The homotopy between F„ and hn{en) sends (n to an arc C hn{en)- 
On the other hand C,n is an essential arc. Therefore Cn is homotopic in An 
to an arc C,'n C Cn such that Q'n <^ c\. Let us now consider C,'^ C c„ as lying 
in Cn- By the definition of there is an arc j3'n C hn^{l3n) joining the 
endpoints of Cn such that U Cn bounds a disc D'n. Since Cn ^ since 
/?n C hn{Ti), D'n Can not be homotoped in 5M. Since Cn li^s in c„ = |An|, 
we have i{dDn,Xn) < L/ dA^. By the Loop Theorem, there is an essen- 
tial disc Dn such that i{dDn,Xn) < /«/ c?A„. In order to get a homoclinic 
leaf which does not intersect |A| transversely, we are going to show that 

i{Xn,dDn)^0. 

As we have seen above, k„ U kn and n'n U k'n are close to = e^. Es- 
pecially, there is a small arc /3^' joining k„ to kJ^ with L„ dXn — > 0. By 
construction, and are homotopic relative to k„ U A:„ U U A;^ . There- 
fore we have L/ dXn < L// (iA„ -|- qni{en, An), where (/n is an integer which 
depends on the number of times that spirals toward e^. Let us show 
that (3n £ hn{en), it will follow that Qn < 1. By Lemma 15.31 the length 
of Cn in Mn = IHI^/p„(7ri(M)) is less than 6e. Since /?„ C hn{Ti), it fol- 
lows from properties b) and c) of Lemma 14.11 that Pn is a quasi-geodesic 
segment. Therefore, for sufficiently large n, the length of Pn in Mn is less 
than 7e. By property 6) of hn{Tn), the length of hn{en) goes to oo. Thus 
we get Pn $i hn{en) and it follows that (7n < 1- Since we have L„ (iA^ — > 
and i(A„,e„) — > 0, we can conclude that L, dA„ — > 0. It follows then 
from the inequality i{dDn,Xn) < L, dA^ that i{Xn,dDn) — > 0. Extract a 
subsequence such that (dDn) converges in the Hausdorff topology to some 
geodesic lamination H. By Casson's criterion (Lemma 12. 4p . H contains a 
homoclinic leaf. Since i{Xn,dDn) — > 0, H does not intersect |A| trans- 
versely. 

Assume now that En can not be homotoped in dM. As we have seen 
above, dEn = Sn^e'n converges in the Hausdorff topology to a sublamination 
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E of Lrec- Let ;U be a measured lamination with = E. By construction e„ 
is homotopic to the union of a segment lying in Lrec and of a small segment 
Kn (whose length with respect to the reference metric tends to 0). It follows 
that i{ij,,en) — >■ 0. The same is true for e^. By Lemma 12.51 either the 
lamination E is annular or S{E) contains a homoclinic leaf which does not 
intersect E transversely. On the other hand, is a sublamination of Lrec- 
So we have constructed a homoclinic leaf or an annular lamination which 
does not intersect Lrec transversely. Since |A| is a sublamination of Lrec, 
this concludes the proof of Lemma 15.21 □ 

Now, we can complete the proof of Theorem [2j Let pn, A„ and A be as 
in Theorem [2j If no subsequence of pn converges algebraically, it follows 
from Lemma |4. II that /)„ and A„ satisfy the assumptions of ^ By Lemma 
15.21 there is a homoclinic leaf or an annular lamination which does not 
intersect |A| transversely. By Lemma 12.71 this contradicts the assumption 
that A € T>(M). This completes the proof of Theorem [2l □ 



6. Conclusion 

We shall now deduce Theorem [1] from Theorem [2j 

Theorem 1. Let M be a compact irreducible atoroidal 3-manifold with 
boundary. Let {rrin) be a sequence in the Teichmuller space T{dM) which 
converges in the Thurston compactification to a projective lamination [A] 
contained in VV^M). Let q : T{dM) CCo(M) be the Ahlfors-Bers map, 
and suppose that {pn : 7ri(M)— C PSL{2,C)) is a sequence of discrete 
faithful representations corresponding to {q{mn))- Then passing to a subse- 
quence, (pn) converges in AH{N). 

Proof. For a simple closed curve c C dM, we denote by lm„{c) the length 
of c with respect to the metric m„ and by lp„ (c) the length of the closed 
geodesic of ]H[^//9„(7ri(M)) in the free homotopy class of c. By |Th2| (see 
also ^FLPj), there is a sequence of simple closed curves c„ C dM whose 
projective classes converge to [A] in VM.C{dM) such that tends to 

as n goes to infinity. 

Using the following result of |BrC| . we shall get an upper bound for the 
sequence (^p„(A„)). 

Theorem 2 (Bridgeman-Canary). For any Q > 0, there is a constant K > 
depending only on Q with the following conditions. Let T be a finitely 
generated Kleinian group without torsion such that the shortest meridian 
length is greater than Q. Let C{T) be the convex core o/H^/T, and consider 
the nearest point retraction r : fip/T — > dCiV). Then r is K-Lipschitz and 
has a homotopically inverse K-Lipschitz map. 

Let us first verify that we are considering a situation where the hypothesis 
of this theorem is fulfilled. 
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Lemma 6.1. There is a positive number Q such that lm„{d) > Q for any 
meridian d of dM. 

Proof. Assuming the contrary, we have a sequence of meridians such 
that {lm„{dn)) tends to 0. Let us extract a subsequence so that con- 
verges with respect to the Hausdorff topology to a geodesic lamination 
D C M. By Casson's criterion, D contains a homoclinic leaf. Since 
[A] G V'D{M), the lamination D intersects the support of [A] transversely 
( |Le21 Lemma 3.5], see also [LeH Lemme 3.3]). It follows that the sequence 
i{X,dn) is bounded away from 0. This implies that the sequence lm„{dn) 
tends to oo. Thus we get a contradiction. □ 

The length lp„{cn) is clearly less than the length of any curve in 9C(p„(7ri(M))) 
which is freely homotopic to Cn- Thus, applying Theorem [21 we get that 
tends to 0. 

Let us denote by A^ the measured geodesic lamination obtained by en- 
dowing Cn with a Dirac measure whose weight is equal to lmo{cn)~^- The 
sequence A„ converges in M.C{dM) to a measured geodesic lamination A 
which lies in the projective class [A]. Since ^^"^^^"^^ tends to 0, we have 

'pn(-^n) — 0- Since A lies in the projective class [A] € VD{M), the mea- 
sured geodesic lamination A lies in T>{M). Applying Theorem[2l we see that 
a subsequence of (pn) converges algebraically. □ 
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